We define the notion of wide knots (and links) and show that they contain closed incompressible nonboundary parallel surfaces in their complement. This is done by proving that these complements admit Heegaard splittings which are irreducible but weakly reducible, and using an extension of a result of Casson and Gordon. We then show that the class of wide knots and links is rather large, and that examples are easy to come by. We also show that the incompressible surfaces remain incompressible after most Dehn fillings. 0
Introduction
Closed incompressible surfaces in 3-manifolds have long been a subject of research in the study of 3-manifolds. However, most of the results that have been obtained regarding these surfaces describe various properties they have, under the assumption that they exist (see, for example, [ 10, 14, 17] ). Surprisingly there are very few results about the existence of such surfaces. We show that the view shared by other knot theorists, that many knot and link complements should contain closed incompressible surfaces, is indeed true.
In this paper we consider a class of knots an links which we call wide. (See Fig. 1 and Definition 2.1.) We will show that the class of wide knots and links is indeed a very large class and prove: Results regarding the existence of closed incompressible surfaces were obtained by:
Lyon (see [6] ), for closed incompressible surfaces in fibered knots, Oertel (see [ 12] ), classifying the closed incompressible surfaces in star links, Lozano and Przytycki (see [9] ), showing existence of closed incompressible surfaces in closed hyperbolic 3-braids and by Finkelstein (see [4] ), who obtains an explicit and constructive theorem about closed incompressible surfaces in closed 3-braids.
For general definitions and terminology regarding this paper see [ 1,5,13].
Heegaard splittings and incompressible surfaces
In this section we state the definitions of compression bodies and weakly reducible Heegaard splittings following [2] , and give the proof of the extension of Theorem 3.1 of [2] and 02 C Wz so that aDl = aD2 and otherwise it will be called irreducible.
Given a closed, possibly disconnected surface C c hf and a system of pairwise disjoint nonparallel compressing disks A for C we define Co = o(C, A) to be the surface obtained from C by compressing C along A. Let c(C) = C, (1 -X(X,)), where the sum is taken over all components & of C which are not 2-spheres. The complexity of the system A is defined to be: and U2 = N -Ui. We call (Ui, Uz) the induced Heegaard splitting of N. Induced
Heegaard splittings appear first in [2] (compare also [15] ) and the name is justified by the following lemma: Hence we obtain a pair of essential disks DI c WI and D2 c W2, in contradiction to our assumption that (WI, W2) is irreducible. 0
Casson and Gordon were aware of the following extension of Theorem 3.1 of [2] . The proof given here was suggested to us by Cameron Gordon and by Marty Scharlemann. Proof. Assume that the Heegaard splitting (WI, W2) is irreducible. Let A, C, CO and C* be as above. Since C is connected there is at least one component S of CO so that both, S n int(Wi) and S n int(Wz), are nonempty. By Lemma 1 .l this component S is not a 2-sphere and hence is contained in C*. However, for systems of disks A which maximize complexity it is shown in [2, proof of Theorem 3.11 that C* is incompressible. Furthermore, S is separating as it is obtained from compressing the separating surface C. Thus it remains to show that S is not a-parallel. 
Wide knots and links
In this section we will consider knots and links K c S' given as 2n-plats (see Fig. 2 and [ 11). A 2n-plat projection gives rise to two canonical Heegaard splittings of genus n of the complement space Proof. By symmetry it suffices to give the proof for the Heegaard splitting corresponding to the bottom tunnels. As K is wide we can assume without loss of generality that there is no monotonically decreasing path connecting the (n -1)st string on the top to the second string on the bottom of the braid. Consider an equatorial 2-sphere 5' intersecting K just below the top bridges and cutting off a 3-ball B with n unknotted arcs ti, . . . , t, (the bridges) as indicated in Fig. 3 . The handlebody IV, in the Heegaard splitting determined by the bottom tunnels is ambient isotopic to the handlebody V = B -N(U ti), and this isotopy ht is given by moving the above equatorial 2-sphere S = ho(S) monotonically down the braid, to a level hi (S) just above the bottom bridges, through horizontal 2-spheres. Notice that this isotopy braids the arcs tt, . . . , t, according to the underlying braid of the 2n-plat. Consider now the disks D1 and D2 as indicated in Fig. 3 . The disk D1 is a cocore disk of the tunnel (2-handle) pi and is either nonseparating or it cuts IV, into two compression bodies of nonzero genus and hence it is essential.
The disk 02 in V is essential as it is nonseparating.
Its boundary is the union of two arcs cx U p, where Q is an arc on alv(t,) and p is an arc on as. We claim that the image of Dz under the isotopy map ht is a disk 04 c Wz which does not intersect the a 2,B-1 a 2,n Rx . . . disk DI c WI. We have thus found two disjoint essential disks DI in WI and 0; in W2 so the Heegaard splitting is weakly reducible.
To prove the claim, isotope K so that every crossing point is on a distinct critical hight level of the natural hight function given by the 2n-plat. Let y be a "leftmost" monotonically decreasing path which starts at the top of the (2n -I)st string, and notice that y separates each horizontal level 2-sphere ht(S) into a left and a right part. As we isotope ht(S) by the map h across a critical level we see, by induction, that we can 
Notice that it is quite hard to find nontrivial knots which do not satisfy this assumption. 
Proposition 2.3. A knot or a nonsplit link K as in Examples l-4 is wide if the following conditions are satisfied respectively:
(1) Example 1: Proof.
(1) If the underlying braid of K' or K" is denoted by B or B', respectively, it can be seen directly from the 2n-plat projection that the underlying braid of the plat of the connected sum is wide (see Fig. 5 )
. The condition that t(K' # K") = t(K') + t(K")
ensures that the canonical Heegaard splittings of S3 -N(K) are minimal and hence irreducible. wide the underlying braid of the 4n-plat will be wide. Again as above, by Theorem 0.1 of [7] , as cy # 1, the rank of 7ri(S" -N(K)) is 2n. The same arguments as in case (2) apply here. 0 Remark 2.4. Note that with the above definitions the standard Heegaard splitting of the complement of the Hopf link obtained from a small tunnel connecting the two components is irreducible but not minimal.
Let K c S" be a knot projection with n isolated minima and n isolated maxima.
Notice that one can obtain a 2n-plat from the given projection by isotoping all maxima monotonically up and all minima monotonically down. We say that the projection of K realizes the tunnel number if the canonical tunnel systems for these 2n-plats are minimal We first state the following conclusion of [20] : We conclude that for all other surgery coefficients S will be incompressible in both We can replace the condition that K not be isotopic to a simple closed curve in some closed incompressible surface in S3 -N(K) by requiring that K is a hyperbolic knot. We need the following definition in order to simplify the statement of the theorem below. IS sufficiently large (perhaps bigger than is required above to get a hyperbolic manifold) any Heegaard splitting of M is either induced by an unknotting tunnel system for S3 -N(K) or is induced by one of finitely many "horizontal" surfaces (i.e., a surface in S3 -N(K) with exactly two boundary components on a(S3 -N(K)) which separates S3 -N(K) into two handlebodies). In the latter case K must be isotopic onto the "horizontal" surface and the surgery coefficients p/q are necessarily of the form p + n6, where 6 is the curve on aN(K) determined by the boundary of the "horizontal" surface. As the number of horizontal surfaces is finite, these exceptional Remark 3.5. In many cases the computations (see [7] ) which show that the canonical Heegaard splittings of S3 -N(K) are minimal, give a direct proof that the induced Heegaard splittings of K(p/q) are minimal. Hence, excluding q = f 1 as in Theorem 3.1 above, these computations give a direct way to show that K(p/q) is Haken.
